Fourier and fractional-Fourier transformations are widely used in theoretical physics. In this paper we make quantum perspectives and generalization for the fractional Fourier transformation (FrFT). By virtue of quantum mechanical representation transformation and the method of integration within normal ordered product (IWOP) of operators, we find the key point for composing FrFT, and reveal the structure of FrFT. Following this procedure, a full family of generalized fractional transformations are discovered with the usual FrFT as one special case. The eigen-functions of arbitrary GFrT are derived explicitly.
Introduction
The fractional Fourier transformation (FrFT) is a very useful tool in Fourier optics and information optics, especially in optical communication, image manipulations and signal analysis [1] [2] [3] [4] [5] [6] [7] . The concept of the FrFT was originally described by Condon [3] and was later introduced for signal processing in 1980 * Work supported by the National Natural Science Foundation of China under grant No.
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† To whom correspondence should be addressed. Email: cjh@ustc.edu.cn by Namias [4] as a Fourier transform of fractional order. Sumiyoshi et al also made an interesting generalization on FrFT in 1994 [11] . But FrFT did not have significant impact on optics until FrFT was defined physically based on propagation in quadratic graded-index media (GRIN media). Mendlovic and Ozaktas [5] defined the α-th FrFT as follows: let the original function be input from one side of quadratic GRIN medium, at z = 0, then the light distribution observed at the plane z = z 0 corresponds to the α equal to the (z 0 /L)-th fractional Fourier transform of the input fraction, where L ≡ (π/2)(n 1 /n 2 ) 1/2 is a characteristic distance, n 1 , n 2 are medium's physical parameters involved in the refractive index n(r) = n 1 − n 2 r 2 /2, r is the radial distance from the optical z axis). For real parameter α, the 1-dimensional α-angle FrFT of a function f is denoted by F α [f ] and defined by
The conventional Fourier transform is simply F π/2 . The composition F α • F β of two FrFT's with parameters α and β is defined by
F is additive under definition Eq. (2), i.e.,
In the context of quantum mechanics, function f turns to quantum state |f , the value f (x) of f at given point x turns to the matrix element x |f . The usual Fourier transform is simply changing of basis,
And the α-angle fractional Fourier transform is simply
where the kernel of transformation
I.e., the α-angle fractional Fourier transform is the composite transformation of both the basis changing and unitary transformation generated by the op-
The key feature here is that the transformation is compositable and additive, i.e., one can perform fractional Fourier transform repeatedly on given function f ,
and F is additive under definition Eq. (7),
Enlightened by the above analysis, we hope to find the criteria for constructing new generalized fractional transformation (GFrT), and point out the perspectives of FrFT. In other words, we want to generalize FrFT to all possible compositable and additive transformations which automatically exhibit fractional transform's properties. We shall do this by virtue of quantum mechanical representation transformation [8] and the method of integration within normal ordered product (IWOP) of operators [9] .
Analysis of the key point of GFrT
Let |A and |B denote two sets of basis. In order to perform their mutual transformation repeatedly, |A and |B must have matching parameterizations, i.e., each pair of A i and B i in
must be both integer/real/complex parameters with exactly the same ranges.
As usual, we demand the completeness of |A and |B
where d n A ≡ i dA i , and
General transformation F K is defined by
Since F K is a transformation on functions, and functions f and F K [f ] have matching variables, it is natural to define the successive composite transformation
i.e.
where, according to Eq. (12),
and K 2 A, A ′ should be composite too,
Eq. (14) then reads
where an operator M emerged
This is an essence for the successive composite transformations. Note that the rule of composition of transformations is
i.e., the mapping K → F K is not homomorphic. The key point of GFrT is to determine all allowed operators K so that the transformations are compositable and additive.
Determination of allowed K
We determine the allowed operator K by two criteria, the first is the additivity of the transformations, the second is that the transformations must also satisfy the Parseval theorem as the conventional Fourier transformation obeys.
Additivity
Since the fundamental property of FrFT is the additivity, F α • F β = F α+β , we demand that the additivity still holds for GFrT F K , therefore there must be a way of parameterization K α for K such that
This equation is necessary and sufficient for F K to be additive,
In this case F Kα can be considered as the natural generalization of the FrFT. By definingK
i.e. the allowedK α 's form an Abelian Lie groupK (or the sub group of an Abelian Lie group, in the case that some components of α take discrete values), K α 's form the right cosetKM −1 ofK. Conversely, if we have an Abelian Lie groupK and two sets of basis |A and |B with matching parameterization, then we can define a GFrT by
where
Parseval's Theorem
Further, we demand some sort of Parseval's theorem for the new transformation, i.e.
Parseval's theorem demands that all the allowed K ′ s must be unitary, therefore K 1 MK 2 must be unitary if we wish to define
The unitarity of M is guaranteed if either |A 's or |B 's are orthogonal. In fact, when 
As usual, the eigen-functions f of classical GFrT must satisfŷ
The quantum version of Eq. (30) is
which is equivalent to
Since O j 's commute with each other, Eq. (33) can be decomposed as equations
i.e., M † |f is the common eigenstate of the commutating Hermitian operators O j 's. Let |ϕ m be the common eigenstate of O j 's
(|ϕ m 's form a complete set, m |ϕ m ϕ m | = 1, and |ϕ m can be chosen to be orthogonal,
The eigenfunctions of the classical GFrT is
with eigenvalue exp s j=1 iα j θ j,m ,
The eigen-functions f m (A)'s are orthogonal
And f m (A)'s are complete too, any "good" functions g (A) can be written as the linear combination of f m (A)'s,
.
Some remarkable examples

Example 1
Let |A = |x , the coordinate representation, and |B = |p , the momentum representation, in Fock space they are expressed as
where a, a † = 1, and |0 is the vacuum state annihilated by a, a |0 = 0. Using the method of integration within normal ordered product of operators and |0 0| =: exp[−a
† a] :, we can perform the following integration (constructed according to Eq. (18)) 
with eigenvalues e −imα by Eqn. (37).
Example 2
Let |A = |x , |B = |p , and
If we choose θ = π 2 inK α ,K α becomes the single-mode squeezing operator exp
−∞ e a/2 dp |pe a p| = ∞ −∞ e −a/2 dx |xe −a x|, the corresponding transformation becomes the Hadamard transformation of continuum variables [10] , i.e.,
we have lim 
Hadamard transform is not only an important tool in classical signal processing, but also is of great importance for quantum computation applications .
If we choose θ = 0 inK α ,K α becomes exp − iα 2 a 2 + a †2 , which is still sort of one-mode squeezing operator. The kernel of the new transformation is
note the similarity and difference between (tanh α, sinh α) here in Eq. (54) and (tan α, sin α) in Eq. (1). In summary, by virtue of quantum mechanical representation transformation and the method of integration within normal ordered product (IWOP) of operators we have found the key point of composing FrFT, and reveal the structure for constructing new GFrT, in so doing a full family of GFrT is discovered. The eigen-functions of arbitrary GFrT are derived explicitly also.
